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Abstract— The  present  paper  is  to  convert the M-series into M-series for Power function, using fractional calculus. This series is a 
particular case of H-function given by Inayat Hussain. The M-series is a powerful technique for solving the problems in a variety of fields 
such as in quantitative biology, scattering theory, signal processing and image processing etc. 
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I. INTRODUCTION TO THE M-SERIES 
The M-series is a particular case of the H- function of Inayat 

Hussain, [4]. A special role in the application of fractional calculus 
operators and in the solutions of fractional order differential 
equations. The Hypergeometric function and Mittag-Laffler function 
follow as its particular case [1], [5], [6]. Therefore, it is very 
interesting. We defined the M-series: 
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Here, α ϵ C, 𝑅(𝛼) > 0, (𝑎𝑗)𝑘  (𝑏𝑗)𝑘  are pochammer symbols. 

II. THE M-SERIES FOR POWER FUNCTION 
Firstly, we give the notation and the definition of the                   

M-series for power function with 𝑝  upper parameters 
𝑎1,𝑎2,   .  .  .  .  .  .   𝑎𝑝 and 𝑞 lower parameters 𝑏1,𝑏2,   .  .  .  .  .𝑏𝑞, defined by 
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Here, 𝛼𝜖𝐶 , 𝑅(𝛼) > 0,𝑚 > 0  and (𝑎𝑗)𝑘  (𝑏𝑗)𝑘  are pochammer 
symbols. The series (2) is defined when none of the denominator 
parameters 𝑏𝑗𝑠, 𝑗 = 1,2, … … … 𝑞 is a negative integer or zero. If any 
parameter 𝑎𝑗  is negative then the series (2) terminates into a 
polynomial in z. By using ratio test, it is evident that the series (2) is 
convergent for all z, when 𝑞 ≥ 𝑝, it is convergent for |𝑧| < 1 when 
𝑝 = 𝑞 + 1, divergent when 𝑝 > 𝑞 + 1. In some cases the series is 
convergent for  𝑧 = 1, 𝑧 = −1. Let us consider take, 
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when 𝑝 = 𝑞 + 1, the series is absolutely convergent for |𝑧| = 1 if 
𝑅(𝛽) < 0 , convergent for 𝑧 = −1,  if 0 ≤ 𝑅(𝛽) < 1  and divergent 
for |𝑧| = 1, if 1≤ 𝑅(𝛽).  
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Some special cases 

 
A) 𝑀0

𝛼
0
0   i.e. no upper or lower parameters and 𝑚 = 1. 

𝑀0
𝛼

0
0 (… ; … ; 𝑧) =  �

(𝑧)𝑘

Γ(𝛼𝑘 + 1)

∞

𝑘=0

                        (3) 

Thus the series reduced to the Mittag-Leffler function [1]. 
 

B) If 𝑚 = 1, 𝛼 = 1 and no upper and lower parameters. 
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        The series becomes the exponential series. 
 
C) When  𝛼 = 1 and no lower parameter. 
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 for |𝑧| < 1. 
The series changes to the binomial series [6]. 
 

D) When  𝛼 = 2,  𝑚 = 2 and no upper and lower parameters. 
We have,  
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Hence the series correspond to hyperbolic function. 
 

E) When 𝛼 = 1,  𝑚 = 1, we have, 
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Thus the series 𝑀𝑞
1

𝑝
0 (𝑧) reduces to the generalized hyper-

geometric function [5], [6].  
 

F) when 𝑚 = 1, we have  
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So, the series at 𝑚 = 1 becomes the M-series [10]. 
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III. FRACTIONAL INTEGRAL AND FRACTIONAL DERIVATIVE 
OF THE M-SERIES FOR POWER FUNCTION  

Let us consider the fractional Riemann-Liouville (R-L) integral 
operator [5] (for lower limit a=0 with respect to variable z) of the   
M-Series (2). 
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𝑅 − 𝐿 fractional derivative of M-Series which indices 𝑝, 𝑞  are 
increased to (𝑝 + 1)(𝑞 + 1). 

 Analogously,  𝑅 − 𝐿 fractional derivative operator [6] of the     
M-Series with respect to 𝑧. 

 

       𝐷𝑧 
𝑣 𝑀𝑞

𝛼
𝑝
0  (𝑧𝑚) =

1
Γ(n− 𝑣) �

𝑑
𝑑𝑧�

𝑛

�(𝑧 − 𝑡)𝑛−𝑣−1
𝑧

0

𝑀𝑞
𝛼

𝑝
0  (𝑡𝑚) 𝑑𝑡 

 

       𝐷𝑧 
𝑣 𝑀𝑞

𝛼
𝑝
0  (𝑧𝑚) =

1
Γ(n− 𝑣)�

𝑑
𝑑𝑧�

𝑛

�(𝑧 − 𝑡)𝑛−𝑣−1
𝑧

0

 

�
(𝑎1)𝑘   .  .  .  .  . (𝑎𝑝)𝑘 

(𝑏1)𝑘   .  .  .  .  . �𝑏𝑞�𝑘

∞

𝑘=𝑜

𝑡𝑚𝑘

Γ(𝛼𝑘 + 1)𝑑𝑡 

 

=
1

Γ(n− 𝑣)�
(𝑎1)𝑘   .  .  .  .  . �𝑎𝑝�𝑘 
(𝑏1)𝑘   .  .  .  .  . �𝑏𝑞�𝑘

∞

𝑘=𝑜

 
1

Γ(𝛼𝑘 + 1) �
𝑑
𝑑𝑧�

𝑛

 

�(𝑧 − 𝑡)𝑛−𝑣−1 
𝑧

0

𝑡𝑚𝑘  𝑑𝑡 

 

=
1

Γ(n− 𝑣)�
(𝑎1)𝑘   .  .  .  .  . �𝑎𝑝�𝑘 
(𝑏1)𝑘   .  .  .  .  . �𝑏𝑞�𝑘

∞

𝑘=𝑜

 
1

Γ(𝛼𝑘 + 1) �
𝑑
𝑑𝑧�

𝑛

 

𝑧𝑚𝑘+𝑛−𝑣  𝐵(𝑚𝑘 + 1,𝑛 − 𝑣)  

We use the modified Beta-function: 

�(𝑏 − 𝑡)𝛽−1 
𝑏

𝑎

(𝑡 − 𝑎)𝛼−1 𝑑𝑡 = (𝑏 − 𝑎)𝛼+𝛽−1 𝐵(𝛼,𝛽), 

for 𝑅(𝛼) > 0,𝑅(𝛽) > 0 
 

=
1

Γ(n− 𝑣)�
(𝑎1)𝑘   .  .  .  .  . �𝑎𝑝�𝑘 
(𝑏1)𝑘  .  .  .  .  . �𝑏𝑞�𝑘

 
1

Γ(𝛼𝑘 + 1) 
∞

𝑘=𝑜

�
𝑑
𝑑𝑧�

𝑛

 

𝑧𝑚𝑘+𝑛−𝑣
Γ(𝑚𝑘 + 1)Γ(n− 𝑣)
Γ(𝑚𝑘 + 1 + 𝑛 − 𝑣)                 (10) 
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(𝑚𝑘 + 1) > 0, gives a 𝑅 − 𝐿 fractional derivative of M-series power 
function, which indices p, q are increased to (p+1),(q+1). 
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